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Abstract . 

For any real number x > 0, let \_x\ be the largest integer not exceeding x 
and N[ v /sj = n < [ v /^j p( pP is the product of all primes not exceeding \_y/x\ 
with V is the set of primes . 

let 2n ^ 4 a positive integer and R(2n)=card{(p,q) / p+q=2n, p,qe"P 2 } denotes 
the number of prime couples (p,q) such that p+q= 2 n . 

In paper we will prove that there is two constants C n=Ti p / 2 n P =£2 p _ 9 anc ^ B(n) 
such that R(2n)> -%(n — y/2n)Y[ ^ Nz (1- - B(n) for any integer n > 2 . 

This would help us to prove that the Goldbach conjecture is true . 

Introduction . 

In the letter sent by Goldbach to Euler in 1742 (Christian, 1742) he stated that “its seems that 
every odd number greater than 2 can be expressed as the sum of three primes”. As reformulated 
by Euler, an equivalent form of this conjecture called the “strong” or “binary” Goldbach conjecture 
states that all positive even integers greater or equal to 4 can be expressed as the sum of two primes 
which are sometimes called a Goldbach partition. Jorg (2000) and Matti (1993) have verified it 
up to 4.1014. Chen (1973) has shown that all large enough even numbers are the sum of a prime 
and the product of at most two primes... 

The majority of mathematicians believe that Goldbach’s conjecture is true, especially on statistical 
considerations ,on the subject we give the proof of Goldbach’s strong conjecture whose veracity is 
based on a clear and simple approach. 

Respectively. 

Theorem A . 

The Goldbach conjecture is true . 

Lemma 1. For any real number x > 0, let |ycj be the largest integer 
not exceeding x and N L ^ xJ U p <i^'. peP V is the 
product of all primes not exceeding [\/x\ , with V is the set of primes 

V = { 2 , 3,5, 7.} and let gcd(a,b) denotes the greatest 

common divisor of the elements (a,b) 
then if |_\/ X J + 1 < n<x and gcd( n, )=1 => n is a prime 

Proof of Lemma 1. let N L ^j = n p < LvAfj)PeP P • 
we suppose that gcd( n,N^y^j )= 1 . 
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let d be a prime divisor of n 


=> l<d<Lv^J 

d/Nfv^j 

=> gcd(n,N,)^l 
then n is a prime 


Absurd 


Lemma 2 . (see [01] ) let fi denotes the Mobius function then . 

1 if gcd(n,d) = l 

^-^d'/gcd(n,d) ) { 

0 if not 

Lemma 3 . (see [01]) 

let f be a multiplicative function then y ^. d / n f(d) is also 
multiplicative . 

Lemma 4 .(see[04]) 

n p<3 ,., P/2 ( l - J) ~ uip ’ for a11 sufficientl y lar s e x 

Lemma 5 .(see [05] ) 

Let a,b and c , any given integers and let ax+by=c be a diophantine 
equation, then ax+by=c has a solution iff gcd(a,b)/c . 

And if (xo,yo) is a particular solution of ax+by=c 
then there exists an integer k such that (xrH- , kb , - , yn- , ka ,, ) 

° v gcd (a,o ) 7 17 gcd(a,o) 7 

is the set of solutions . 

Lemma 6. 

let N Lv ^j = n p < Lv ^ J)PeT ,P and dr/A^l- 

then d 2 /A Lv/s j,diAd 2 =l & d 2 /^p-, 


Proof of Lemma 6. 

let N Lv/SJ = n p < Lv ^ J>p£P P anddr/A^j. 


1- we suppose that d 2 / Nl f £i . 

d\ 

we have d 2 /^p- => d 2 di/N Lv ^j => d 2 /N^j 

and since A^y^j is squarefree and d±d 2 / A^y^j then diAd 2 = l 

this means that d 2 /-^p- => d 2 /A^yjj and di A d 2 = 1 

2- we suppose that d 2 / A|^j, di A d 2 = 1 . 

we have d 2 /A LN/S j,di/A Lv ^j and diAd 2 = l => d 2 di/N Lv ^j 


=> d 2 / 

then from 1 and 2 we obtain the equivalence . 


n l^j 

di 
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Lv^J 

di 


d2/N v ^, d\ A d2 — 1 





Lemma 7 . (see [06]) 

Let r(n) denotes the number of divisors of n . 
for all e > 0 , r(n) =o(n e ) 


Proof of Theorem A . 

let n > 2 , V denotes the set of primes R(2n)=card{(p,q) / p+q=2n p,qe"P 2 } 
denotes the number of couple of primes (p,q) such that p+q=2n. 

For any real number x > 0, let \_x\ be the largest integer not exceeding x. 

Let R’(2n)=card{ (p,q)/p+q=2n , [v / 2nJ<P< n > n<q<2n-|_-\/2n J) p^eP 2 } denotes the 
number of couple of primes,(p,q) such that \_y/2n J<p< n , n<q<2n-[_-\/2n J and p+q=2n 
and R”(2n)=card{(p,q)/p+q=2n,l<p<Lv / 2n Jj 2n-|_v / 2nJ <q<2n jP^eP 2 } 
from the definitions of R(2n),R’(2n)and R”(2n) we can easily prove that 
R(2n)=R’(2n)+R”(2n) . 


let z=L^J and 
By Lemma 1 we have . 

R’(2n)=card{ (p,q)/p+q=2n , |_\/2nJ<P< n, n<q<2n-[V2nJ,gcd(p,N-)=l,gcd(q,N z )=l} 




X 


pAN z =l,,z<p<n £-^qAN z = l,n<q<2n — z q=2n 


-z £ d + o =2 


= £ 


pAN z =l,qAN z =l,p+q=2n,z<p<n 


We apply Lemma 2 on ^ pANa=ltqANa=ltP+q=2ntX<p < n 1 • 

R ( 2 n) ^jdi/pAN z ,d2/qAN z ,p-\-q=2n,z<p<n M(^i)m(^2) 

^-jd\/p,di/N z and d 2 /q,d 2 /N z ,p-\-q=2n,z<p<n A^(^l) /^(^2) 

= Y^d 1 /N z ,d 2 /N z ^di)fi(d 2 )J 2 di/pd2/qtP+q=2nz<p ^ n l 

but we have the equivalence . 

di/p, d 2 /p + 2n 3 j, fceA/’* 2 suchthatp=jdi et p+2n=kd 2 
Then R (‘^ n ) = J 2 d 1 /N z ,d 2 /N z P(^l)P(^2)£ p= j dliq=kd2 p+qz=2n z<p < n ^ 
Erfi/AT z ,rf 2 /^ M(^2)Ejdi+kd2 1 =2n,z<p=jdi<n ^ 


Problem 1 . 

if we want to give an explicit formula to R’(2n) we would have to 
calculate the sum V., , , „ , ., , 1 

^jdi+kd2,=2n,z<p=jdi<n 

In fact we will find that if gcd (di, d 2 ) / 2 n then . 




jdi+kd2,=2n,z<p=jdi<n ‘ 


2^Sgcd(A,<i 2 )+0(l) 


3 




Proof of Probeme 1. 

Remark 1. 

We remark that the sum Ejdi+kd, = 2 n z<p-jdi<n ^ > depends only on 
diophantine equation di+kd 2 ,= 2 n , with j and k are the variables . 


1 if the equation jdi + kd 2 = 2 n has a solution 


we set 5(j, k)={ 


0 if not 


based on Lemma 5 we have 5(j , k)={ 


1 if gcd(di,d 2 )/2n 


0 if not 


then , Ejdi+kd 2 =2n,z<p=jdi<n ^ E z <p=jdi<n 3 > fy 


E 


z<p=jdi<n,gcd(di,d 2 )/2n 


1 


<-^-,gcd(di,d 2 )/ 2 n , jeAf* ^ 


We suppose that gcd(di,G?2)/2n . 

By Lemma 5 ,we have Y\, ., , „ „ ., , 

J ^jdi+kd2,=2n,z<p=jdi< 




<j <dV,gcd(di,d 2 )/2n , jeAt* 


=W 1 

^<j=jo+ gcd(dl 2 d2 ) — dj > jW* 


=E 

=E 


r jo< gcd (Jl ,d 2 ) <dr-J°- teZ 




tdo 


gcd(d 1 ,d 2 ) ^ d-i 


^-rr-joJeZ 


=E^_ 


io -j -— jo 

—gcd(di,d2)<i^^i-gcd(di,d2),£eZ 


= L^r—S c d(di, d 2 )J - [^-r-^gcd{d h d 2 )J +1-1 


= L^r^gcd(di, d 2 )J - [^-^gcd{d h d 2 ) J 


d2 

E jo 

do 


-Jo 


gcd(e?i, d 2 ) - -^-7—gcd(di, d 2 )+0(l) 


d2 


—gcd(c?i, d 2 )+0(l) 


dod 


-gcd(di,d 2 )+0(l) 


Then if gcd(di,d2)/2n ,we obtain . 

Ei 


- / jdiH-kd 2 ,= 2 n,z<p=jdi<n 


1 = n ~iiT J g c d (di,d 2 )+°( 1 ) 
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Let us now return to calculate R’(2n). 

By Problem 1 we have. 

R (2n) = Ed 1 /JV z ,d 2 /iV 2 R(^ 1 )R(^ 2 )Ejdi+kd 2 =2n,z<p=jdi<n 1 

=Y, dl /N^/N^c A (d 1 ,d.)/2n M(di)M(d 2 )(^fgcd(dr, d 2 )+ 0(1)) 
= '52d 1 /N z ,d a /N z ,gcd(di,d 2 )/2n M^l) P(^ 2 )"^-gcd(di, d 2 ) + 

^2d 1 /N z ,d 2 /N z ,gcd(d 1 ,d 2 )/2n M(^l)P(d 2 )0(l) 


( n 7j )J2d 1 /N z ,d 2 /N z ,gcd(d 1 ,d 2 )/2n ,t( ld 2 ) g cd ( rfl ’ C?2 )+Sd 1 /JV, ; ,d 2 /Ar z ,gcd(d 1 ,d 2 )/2 t iR( rfl )R( rf2 ) 0 ( 1 ) 


Problem 2 . let r(n)=^ d / n l denotes the number of divisors of n. 

then the error term E dl /jv„d 2 /jv„gcd(d 1 ,d 2 )/2nM(di)/x(d 2 )0( 1 ) 
is equal to 0(r(rad(2n))) 


Proof of Problem 2 . 

we set F ={d=diAd 2 / di/1'4, d 2 /fV z and d/2n} 
then we will obtain . 


L=E 

=E 

=E 

=E 

=E 


dilN z ,d 2 j JV a ,gcd(di,d 2 )/2n P(d2)0(l) 

deF Ed 1 /JV ai ,d 2 /JV 2 ,gcd(d 1 ,ti 2 ) = dR(^ 1 )^(^ 2 ^( 1 ) 
deF Ed 1 /JV a ,d 2 /JV 2> gcd(d 1 ,d 2 ) = dP(^ 1 )R(^ 2 )®( 1 ) 

deF E di/N z Ed 2 /jV a ,gcd(di,d 2 )=d P( ^2)0(1) 

deFEdi / i^/ X (^l)Ed 2/ N a ,/di d 2 t_l 


Let |a;| denotes the absolute value of x ,then we have. 

^.8cd(^) = l /i(d2) " IEdeF %/^ M(dl)E ^, g cd(i4) = l M(d2)l 


EdeF Edi ,2V* P(dl)E 
d ' d 


— ^EdeF I E di j N z M(dl) , ,v 2 ,/ “1 a 2 \ -i 

d ' d did ’S Lu l w > j J —1 

^EdeFEfi ,JV* IMdl)HE<r 

d ' d 

— ^-ddeF /-W* I E 


-M, gcd ^w 


P(<k)| 

M(d 2 )| 


fa /«£ scd \ = 1 

<2 7 d d ' d ,g l d’d 


P(d 2 ) | 


By Lemma 6 , we have E d 2 , jv* ^ dl d 2 \_, 2 ) = E jv*P( d 2 )- 

-d/^r'& cA yFT’-d)- L /_d_ 

V 7 d < d 1 

d 


Then EdeFE<u ,iv a P(di)Ed 2 /jv» 

d ' d 


, o.(d 2 )<Ed € FEyi / N a IE Nj P(d 2 ) 
J — 1 d ' d d 2 / d 

d ' di 


— J2deF^d 1/ N z IE 


W_ a Pi 

lid 


a 2 / d 
d ' d^ 
~d 
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since d ,2 is a squarefree then , gcd(-^-,d)=l then , 


Then J2deF Eyi ,Nz ,n z 

d ' d d / d ■ 


dx ,N Z IE JV- 

~dT'~dr )~ 1 ~d'~r ^2 /_d 


a 2 / d 
d ' 


<E*fE <*1 /JVg IE a* 

^dT'^dT d 2 / rf 

d. ' d i 


Kt )»•(<*) 

( 4 )i 


By Lemma 2 we have E^,*. IE I = Im(it)| 

-a-/— v a ' v a / 

d ' dx 


Let deF ,then by the definition of F ={d=di A d%/, d\/N z , d<z/N z , d/2n}, 
d will be a squarefree ,then is also a squarefree 


Then ,X) dl W JE w* ^(^ 2 ) | =lA‘(^)l = l 

d>d /_£_ v ' 

d ' dx 
~d 

Then, E*f Eyi/jv^/ x (^i)E<j 2 /w 2 „„ A (d x d 2 \_i A 4 ^ 2 ) — EdeF ■*■ 


=i 


Remark 2. 

since iV* is squarefree then , F = {d=diAd 2 /, d\/N z , dz/N z , d/rad(2n)} 

={d/rad(2n) / d< [v / 2EI} 

We have r(rad(2n))=card{ d/rad(2n)} 

=card{{ d/rad(2n)/ d< } U {d/rad(2n) / d^ |_\/El}} 

=card {F U{d/rad(2n) / cl^ LVEl}} 
this means that ,F C {d/rad(2n) } 
then we can deduce that, rad(F) < r(rad(2n)) 


We have E*f 1 r ad(F) , 

By Remark 2 , we have rad(F) < r(rad(2n)) 

Then , E*f 1 ^ T(rad(2n)) 

Then ’EdeFEdi/j^M^OEd,,, jv* , /x(d 2 )<r(rad(2n)) 

d ' d. 


W>s cd ^^) =1 


Which means that E (ll/J v„d 2/ JV, lgcd( d 1> «l ! i )/ 2 n/*(d 1 )/i(d 2 )°(l)=0(r(rad(2n))) 


Result 1. 

The error term of R’(2n) is equal to 0(r(rad(2n))) , this is the most important result 
in this paper ,because in the sections we will prove that the main part of R’(2n) 
is much more greater than the error term 0(r(rad(2n))) 
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Let us return to calculate R’(2n) . 

R (2n) = (n-z )'22d 1 /N z ,d 2 /N z ,gcd(d 1 ,d 2 )/2n ^ dld 2 “g cd ( d b d 2 )+ 

E d 1 /N z ,d 2 /N z ,gcd(d 1 ,d 2 )/2n R(E)r(<E) 0 ( 1 ) 

By the Problem 2 we have . 

R ’(2n) =(n-z)E dl/ ^, d2/ ^, gcd(dlid2)/2 „^S M gcd(d 1 ,d2)+0(r(rad(2n))) 

=( n - z )E dl/A r,^E d2 /iv,, g cd( ( i 1 , d2 )/2 n ^f 1 g cd ( d i> (i 2)+0(r(rad(2n))) 


=( n - z )E de FE d 


M d i) 


E, 


deF^—id-i/N z d\ ^d 2 /N z ,gcd(di,d 2 )=d d 2 


E^-d+0(r(rad(2n))) 


=( n - z )E de FE a 


l*{di) 


E, 


deF Z-^d 1 /N z di ^d 2 /N z ,gcd(d 1 ,d 2 ) = d d 2 


= rf-^^ d + 0 ( T ( rad ( 2n ))) 


= ( n - z )E de FE 




-E, 


rfeF Z^d^/Nz^ di /Nz_ a. rr \( ^1_ ^2_\ — 1 d 2 

d 1 d d ' d V d ’ d ) 

KE d ) 


^ d ^d+0(r(rad(2n))) 


1 

= ( n_Z )E*FdEdl ,JV* dj E 

d < d 


-a/*-df *i -aVi ^ +0(r(rad(2n))) 

d • d ,g V d ’ d ) d 


since gcd(E-, d ) =1 and gcd(-^-, d ) =1 then n(^jd^ = /Li(cT)/Lt^-E ) and 


-(4i 


R (2n) — (n ’z)'22 deF d 22di,N z E ^Ec 

’ / 


, _ -ld 2 / N z ./dl d 2 \_. 

d ' d d d ' d ’ gCC R d ’ d J - 

since d is a squarefree then /x(d) 2 =l . 


^^/i(d) 2 +0(r(rad(2n))) 


R ’(2n) = ( n ~ z ) EdeF ~d E 


' d x > 


' d 2 > 


-E. 


deF dZ-^d^jNz^ d 1 Z_-/ d 2 /iv z 1 / di d 2 \_ 1 d 2 
d' d d _ d“/ _ d _ ’ gCa V _ d"’“d“y~ J 


-+0(r(rad(2n))) 


By Lemma 6 we have . 


f d x > 


'd 2 > 


R (2n) — (n z)^ deF d XE ^ E d. 


■'_! /i_£ 
d ' d ~d 


' d 2 \ 


d 2 ! d 
d ' d\ 
d 


-+0(r(rad(2n))) 


Since 


d 2 


is multiplicative then by Lemma 3 ."22 


'd 2 > 


and 22 


'd 2 \ 


d 2 j d 
d ' di 
~d 


z_ d 2 


is also multiplicative 


d 2 / d 
d ' d\ 
d 


d 2 


n .v, (i-E 


p/-k 




p/ 


n / d 1 a-E 


R’(2n) =(n-z)^ deF i^ 

= ( n - z )E*F 


dl^ n , N z l 1 f) 




deF d Z-/^ / d i tt n — —'i 

d ' d d 11 ,di V 1 -,1 


* ,di 

p/ lT 


7 ) 


Z] d x / AT Z d 1 


EE 


d/EEn 

p/ -r 


+0(r(rad(2n))) 

+0(r(rad(2n))) 
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We apply again Lemma 3 on 


v d , 


d ' d h. ii ,d i v 1 


we obtain . 


d-± i N z di 


f d i > 
v d J 


—L / _£ _z_l rr ('1 —— 
d < d d ii .d x v- 1 - 
p /~T 


^-n p/ *. ( i_ / i\) 




=iWf^) 


Then R’(2n) =(n-z)E deF jll p/ iv* (!■“ (fnf) +0(r(rad(2n))) 


= (n-z)E de ^n p/ ^(^ i )(f^) +0(r(rad(2n))) 


(“- z )Ed e FjII^(V) +0(r(rad(2n))) 


= (n- Z )E deF ^n p/ ^( 1 - f) +0(r(rad(2n))) 

We have F ={d=diAG? 2 /, d\/N z , d, 2 /N z , d/rad(2n)} 
={d/rad(2n) / d^ [vEII 
then F C {d/rad(2n) }. 

which means that, Ed^Tl^ (!“ J) > E d / rad (2n)d II p/ ^(1- f) 


we have Ed/ rad f 2 n) (1- 1)=U„,n z (1- -|)E. 


n p/ ^a- i) 


c£/rad( 2 n) d lL P/ r w p'~ LL p/%- K P’^d/ rad( 2 n) dn (1 _ 1 ; 


p/^ 


n d- j) 

P '~dT 

l p/^ V ' L ” p JZ ^d/iad( 2 n) ^ ( 1 - 1 ) 

v!-£- p 


= n^/w 2 (i K )Ed 


if gcd(d,2)^2 then is even and 2/-^ which means that \\ jN z (T y) =0 . 


n /W .d-£) 

p/-^ ^ 

^d/rad(2n) d J- p ) J. -l p /Af. '- i p ^ ^d/iad(2n) ,gcd(d,2) = 2 d j-j (1- —) 

2 P/AA p 


Then E d/rad f 2 ni C 1 J _ EL/** (! JEd 


P/- 


= n P /^( 1_ p ^/ e^i 


d n /JV *d- 


=r W (1_ p )e I/£ ^, 




—n„/jv z (i JE 


n^d-d) 


p/i ^v p'^|/ 


d / rad(2n) 


d n »,(i-j)n /d (i-|) 

P/^A P p/w p 




















1 


p^d/rad^dn ,(!-■§) 


P/o 


4n„^(i- !)e 


21 V^ v P '^£«^ dn ,(i-l) 


*/? 


= 2 n„/^ (i- je« 


lp/ ^v (1 .£) 

P/ 7 T ^ 


since ---— is multiplicative then by Lemma 3 we have 


p/o 


d / rad(2n) d n / - 1 

2/ 2 2 p/4 


is also multiplicative and /rad(2n) , n ^ ll w 

2 ' 2 2 11 #d ^ i_ tJ 


P/4' 


n_„.««( i +T T 4 |y> 


- El rad(>p ( 1 + p _ 2 ) 


=n 


v- 1 

■d(2n) p _ 2 


p/rao^p 


n 


p -1 
p/2n,p=f=2 p — 2 


Then E J/ „ a(2 „,in, / » I (i- f)= n,/J -r ;= ' n p/ » a (i- f) 


P-1 


We set C n =n p/2nj p /2 — 2 


Then E d / ra d(2n) d Ilp/j^ (* p )— 2 " Tlp/jv* (1 p ) 

Then ,EdeF dllp/jv, C 1 ' p ) - "^rip/ivj 1 - p ) 

Which means that R’(2n) ^ ^(n - z)Y[ p/I <z (1- - r(rad(2n)) such that C ri =n p/2niP ^ 2 fEj 

We know that , R(2n) >R’(2n) . 

Then R(2n) ^ ^(n - [y/2n\ )IIp< Lv ^j p#2 O - B(n), such that B(n)=r(rad(2n)) 
and a=np /2n>p/2 f^ ■ 

By Lemma 4 we have Y\ v < x p =£2 fl ~ logja) 2 ’ ^ or su ffi c ^ en tly large x . 

1 4 4 

By Lemma 7 we have for e=— , B(n)=r(rad(2?r))=o( (rad(2n)) 2 )=o( (2n) 2 ) 
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Then . 


-r( n - L\/2nJ)E[ 


p<L\/2SJ,p#2( 1_ p) 


=%(«- L\/2nJ)Il 


P<L\/2HJ,p/2 p) °( ( 2n ) 2 ) 


= 2 »n p , L ^ 2 (i- 


(2n) 


n n p < LV^tiJ . P#2 ^ 


:)) 


We have 


(2n) 2 


72 


Cn rr 

-r n n 


P < W*Zn\ ,p ¥= 2 


(i-4) 


p < ,p¥= 2 


a- 4) 


x/2 log( % /2n) 2 


\/2 log(2n) 2 
2C n y/n 


Since 'Z? —>q w j len x —>00 , then 

2C rl ^/n c " 


(2n) 


2 n n p <[ v ®ij i p^2^ 1 j>( 


= 0 ( 1 ) 


Then 1—-^-o( 


(2n)2 


^2E V %nn 


2 AA p< Lv^rj ,p#2 v V 


(1- 4) 


= 1 + 0 ( 1 ) 


Then +/m ] [ 




(2n) 


2 1 L p< [_y/2n\,p±2 v p A y / 2n V -^ZL n n (1- - 

v 2 AA P < Lv / 2^J,P7 t 2 ^ p 


■)) 2 n n p < L +2+j,p+ 2 ( 1 P )( i+o ( 1 )) 


Then --+] f[ 


,(1- +)(l-T7^-0(l 


(2n) 2 


r))~ w^TL 


( 1 - +) 


2 “Hp<L+2nJ,P+2 p yv " +2" " v —nff , __ , (1- -)' 1 2 “ 11 P< IV^i >P/ 2 p 

2 ii P < L^2Sj ,p#2 p> 


C n 4 n 


2 log(2n) 2 


~2C 


n 


n 

log(2 n) 2 


This means that R(2n) —»oo when n —>oo 
This confirm The Goldbach conjecture is true 
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